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A method is presented for determination of best hybrid orbitals of a molecule of the type
MX, X, ... Xg both on the central atom M and on the ligands X, through X, with the aid
of the criterion of maximum overlap introduced by Pauling. -

The construction of hybrid orbitals for molecules of the type MXy (homogeneous ligand
sphere) and interpretation of the properties of a given molecule on their basis has been dealt
with by Pauling.! Murrell? elaborated a method for the determination of hybrid orbitals
of the central atom in the case of molecules of the type MXy with a small or no symmetry using
the condition of maximum overlap between the central atom and ligand orbitals and calculated
in this way the best hybrid orbitals of the compound CIF;. This method was modified and simpli-
fied 73, (The relation between the method of maximum overlap and the Hiickel MO method
was pointed out by Lykos and SchmeisingéA) The method of maximum overlap was further
used in calculating the hybridization of cyclopropane and similar molecules7, in explaining the
differences among measured bond lengths“ in PCls, SbCls, SF; and CIF,, in calculating various
conformations® of CIF; and the bond anglesg_12 in H,0 and NH; and in studying complexes
containing both ¢ and = bonds'3. The authorsla, however, did not take into account the hybridi-
zation on ligands even when two atomic orbitals were localized on them, namely one for a o bond
and the other for a n bond. To determine the conformation of a molecule of the type MXg on the
basis of the method of maximum overlap, a ‘“‘steepest descent” method was propcsedMA

The method of maximum overlap was originally formulated for molecules with
a homogeneous ligand sphere while the hybridization of ligand orbitals was dis-
regarded. In the present work the generalization for molecules with a heterogeneous
ligand sphere is carried out. We take into account the hybridization on the central
atom as well as on the ligands. The criterion of maximum overlap is generalized so
that a weighed sum of overlap integrals is considered rather than a simple sum as
proposed originally?"*. The weights intluence the heterogeneity of the ligand sphere.

* Published in preliminary form as Research Report, Department of Physical Chemistry,

Slovak Institute of Technology, March 1969.
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THEORETICAL

We shall consider a molecule of the type MX, X, ... X, where M derotes central
atom and X, through Xy ligands, which are generally different. On the central atom,
a set of orthonormal real atomic orbitals is localized formirg a column vector

D = {p;iedl,P};, n

we assume that P = K. Also on the i-th ligand X, a set of orthonormal real atomic
orbitals is localized forming a column vector

xi = {ie<, 00}, @)

where Q; = 1, i e {1, K). From the orthonormality of atomic orbitals it follows that

P’ =1y, XX =1lgq,. (3a,b)

where I, denotes diagonal matrix, @7 transposed vector of @, similarly to X] and
iedl,K).

In the space of atomic orbitals defined by Eq. (1), we select orthonormal hybrid
atomic orbitals forming a column vector

Y= {);ie],K>}. 4)
Analogously to Eqgs (3) we have
YT =y, . (%)
The relation between vectors @ and ¥ is

¥ = AD, ()
P

orin the component formalism y; = Y a;;¢; for i € {(1,K), i.e. Adenotes transforma-
j=1

tion matrix of the type K x P with elements a;;. On introducing Eq. (6} into (5) and
using (3) we obtain a condition for the matrix A:

YPT = AGPTAT = Al AT = AAT = Iy, . @)
In the i-th space defined by Eq. (2) we select a normalized hybrid atomic orbital and
denote it as 9;. It can be expressed as a linear combination of atomic orbitals localized
on the given ligand:

o
9 = €X = Y P e (LK), (8)
j=
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where ¢ denotes row vector of coefficients c{". From the condition that 9; is normali-
zed to one we obtain a condition for vector of coefficients ¢,

i

Q
e =) =1, ied,K); ©)

taking into account that the set of atomic orbitals localized on the i-th ligand, Eq. (2),
is orthonormal. Now, the method of maximum overlap consists in determining such
hybrid atomic orbitals (Eqs (4) and (8)) or such transformation matrix A in Eq. (6)
and column vectors ¢; in (8) that the weighed sum of overlap integrals <y; | ;> is
maximum. We construct the functional

1 =_Zlki<‘pi | ‘9i> —.Zi

L)

Aij ) X & .
—<¢’i|'l/j>"2‘<9i|9i>v (10)
12 i=1 2
in which the first summation expresses the weighed sum of overlap integrals between
the i-th hybrid atomic orbital on the central atom and that on the ligard X;. The
weight coefficients k; characterize the inhomogeneity of the ligard sphere. They
should be understood as semiempirical parameters which can be, for example,
determined from energetic relations between the given ligand and the central atom.
The second summation with Lagrange multipliers A;;expresses the restrictive condition
(5) of orthonormality of the hybrid atomic orbitals on the central atom. Similarly,
the third summation with Lagrange multipliers ¢; expresses the restrictive condition
(9) for the hybrid atomic orbital on the i-th ligand. Introducing Eqs (6) and (8) into
(10) we obtain

K 2 o ) ) LA K Qg
=y % Z“ijff')ki<‘ﬂj|X5'J> =Y X Tanay - ¥ Y2, (1)
i=1j=11=1 ij=11=1 2 i=1j=12

where (@; | x{”> denotes overlap integral between the j-th atomic orbital of the
central atom and /-th atomic orbital of the ligand X . The conditions for the functional
(11) to be stationary (i.e. the mathematic expression of the maximum overlap) are
olfoa;; =0 for ied],K); je!l,P), (12a)
orfec? =0 for iedl,Ky; jedl, Q). (12b)

The condition (12a) applied to Eq. (11) gives

o ) K
> kid”(‘ﬂj ' 1wy = lzl%(in + Ay) ay; s (13)
=1 =
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forie(l,K) and je {1, P). If we introduce the matrices B and A with the elements
Q X .
Bij = ;l](icfl)(\wj ‘ Zlm> s, An= ‘é‘(/lil + Ali) B (14‘1, [7)
then Eq. (13) can be rewritten in the matrix form as
B=AA. (15)

Assuming that the matrix A js not singular we can express from Eg. (15) the trans-
formation matrix

A=4"1B. (16)
According to the definition (14b), 4 is a symmetrical matrix: A" = A. Introducing
Eq. (16) into (7) we obtain
A'BBTA = 1. (17)
which is fulfilled if
A = (BB, (18)

Combining this equation with (16) we obtain the final expression for the transforma-
tion matrix:

A=(BB")"'2 B, (19)
It is clear from the derivation of this equation that it is equivalent to the condition
for the functional (12a) to be stationary. If the coefficients ¢{" of the expansion (14a)

are fixed then the elements of the matrix A defired by Eq. (19) lead to the maximum
of the functional (11).

The condition (12b) applied to Eq. (/1) gives

P . .

Z a ke, | X}’)> = GiC}') » (20)
I=1

for i e (I, K) and j e I, Q;>. We introduce a column vector b; with the elements
N P .
b§" = Z aki{o, | X;‘)> - ) (21)
1=1

Eq. (20) can be then be rewritten in the matrix form as
b, = gc; . (22)
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This result combined with Eq.(9) gives the actual value of the Lagrange multiplier
g;, from which it follows that

¢, = (bTb)" 2 b, (23)

for i e {1, K>. Eqs (19) and (23) express the necessary condition for the functional
(10) or (11) to be stationary. These equations are coupled since it follows from Eq.
(]4a) that the matrix B depends on the vectors ¢;; similarly it follows from Eqs (21)
and (23) that the vectors ¢; depend on the matrix A. This means that their calculation
must be performed by the iteration method, namely the following one: we choose
a zero-th approximation c{* of the vectors ¢,. From Eqs (14a) and (19) we calculate
the matrix A, from which we calculate with the use of Eqs (21) and (23) the vectors
D, We repeat this procedure until the vectors and the matrix are self-consistent.
If Q; = L and k; = 1 for i € <], K}, the solution of Eq. (23) is not necessary, Eq. (19)
being reduced to one known from the simple theory of maximum overlap in which
no hybridization on ligands is considered®. The first summation in Eq. (11), which
represents the total bond strength, can be with the aid of Eqs (14a) and (19) rewritten
in the form

E = Sp(ABT) = Sp{(BBT)'/?} . (24)

If the eigenvalues of the symmetrical matrix BBT are denoted as y, through py, Eq.
(24) can be rewritten in the common form?

M=

£y ulh. (25)

i=1

From a more detailed analysis of the proposed method it follows that the functional
(1) has a maximum if the roots in (BB{)™"/* and (bb) ™'/ are taken with the ‘posi-
tive sign.

BEST HYBRID ORBITALS FOR CIF;

The described method was applied to a molecule of chlorine trifluoride. According to experimental
data'®, CIF; is a planar molecule with bond angles «F'—Cl—F2 = & F'—CI—F> = 87-5°,
bond lengths R(CI—F') = 1-598 &, R(CI—F?) = R(CI—F%) = 1-698 A. For a unique defini-
tion of the overlap integrals, we assume that the molecule is situated in the x—z plane, the Cl
atom being placed in the origin of coordinates. On this atom, six Slater atomic orbitals are loca-
lized: 35, 3p,, 3p,, 3d,2, 3d,2 -2 and 3d,,. The local coordinate system on each F atom is oriented
so that the z axis is directed towards the Cl atom. Two Slater atomic orbitals ‘are localized on the
F atoms: 2s and 3p, (the Jatter is oriented in the local coordinate system). The exponents of the
Slater atomic orbitals were calculated according to the Slater rules. The values of the overlap
integrals, {; | z{), calculated according to Mulliken and coworkers!! from Eqs (/4a) and (21),
are in Table 1. The weight coefficients k; were set equal to one (homogeneous ligand sphere). The
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iteration in solving Eqs (19) and (23) begins with c§°) (i =1, 2, 3) chosen so that c%") = Qf”z
for j€ {1, @;>. We obtained after five iterations the total bond strength E defined by Eqs (24)
and (25) with a precision to 10™°, The calculations were performed on a computer of the type
IBM 7040 with a program written in Fortran [V. The transformation matrix A is given in Table X
and the vectors ¢; (/ = 1—3) are listed in Table III. The total bond strength E for the CIF;

TasLE |
Overlap Integrals

Ligands
Central ———
1 2 3
Atom . - F o fﬂ-v, SISy F s
2s 2p, 2s 2p, 2s 2p,
3s 0-185527 0165862 0153519 0-142892 0-153519 0']42392
3p, 0-272603 0230325 0-009986 0-008886 0-009986 0-008886
Cl 3p, 0 0- 0-228730 0203515 —0-228730 —0-203515
3d, 0-327181 —0-034238 —0-165877 0-009493  —-0-165877 0-009493
3oy 0 0 —0-288407 0-016504 0288407 —0-016504
3d,, 0 0 0-025184 —0-001441 —0-025184 0-001441
TasLe II
Transformation Matrix A
Atomic orbitals
HAOs - [ S
3s 3p, 3p, 3d,» 3dya_y2 My,
Cl-F! 0-456883 0-681930 0 0-570811  —0-020090 0-
Cl- F? 0-384610 0-011812 0-705032  —0-304028 0-509414 0-054134
cl-F3 0-384610 0-011812  —0-705032 —0-304028 0-509414 —0-054134
TasLe 111
Vectors c; (for i = 1,2,3) for F!, F?, F?
AO's F! F? F?
2s 0:906305 0-913089 0913089
2p, 0422624 0-407761 0-407761
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molecule is equal to 1:42277; the contributions from different bonds are: E(leF‘) = 0-504708,
E(CI—F?) = E(CI—F>) = 0:459033 in accord with the fact that the CI-F! bond is shorter
than -the others. Furthermore, calculations were performed with the assumption that only one
atomic orbital is localized on the F atoms, namely either 2s or 2p,. For the total bond strength
we then obtained E; = 1:30607 or E, = 0:75202. In these two calculations, the hybridization
on ligands was not taken into account, so it was sufficient to solve only Eq. (/9), a procedure
equivalent to the Golebiewski formalism® of maximum overlap.

CONCLUSIONS

The problem of computing the hybrid atomic orbital both on the central atom and
on the ligand can be formulated for special cases in different ways'2. The advantage
of our method consists in its generality and clear formulation. Moreover, the weight
parameters k; for distinguishing the heterogeneity of the ligand sphere can be simply
introduced, the form of the final equations being preserved. The proposed iteration
method of solving the coupled equations (19) and (23) was tested on a model calcula-
tion of the molecule of CIF;. After five iterations, self-consistent values for transfor-
mation matrix A and vectors ¢; were obtained.

The authors are indebted to Dr L Valko and Dr P. Pelikan for making available the overlap
integrals for the model calculation and for stimulating discussions.
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